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Abstract The real physics meaning of constant κ  in the Robertson-Walker metric is discussed when 
scalar factor R(t) is relative to time. Based on the curvature formula of the Riemannian geometry strictly, the 
spatial curvature of the R-W metric is 22 /)( RRK κ+−=  . It indicates that the spatial curvature of the R-W 
metric is not a constant when 0)( ≠tR  and the constant κ  does not represent spatial curvature factor. It 
can only be considered as an adjustable parameter relative to the Hubble constant. For the expensive flat 
space, we would have )(2 tR ′−= κ  at a certain moment t′ . We would have 0≠κ  in general situations. 
The result is completely different from the current understanding which is based on specious estimation 
actually, in stead of strict calculation. In light of this result, many conclusions in the current cosmology, 
such as the values of the Hubble constant, dark material and dark energy densities, should be re-estimated. 
In this way, we may get rid of the current puzzle situation of cosmology thoroughly. 
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1. When ( ) 0≠tR  the R-W metric has no constant curvature 
 
Standard cosmology takes the Robertson-Walker metric as the basic frame of space-time. In light of the 
principle of cosmology, our universe is uniform and isotropic. It can be proved that the space with 
homogeneity and isotropy is one with constant curvature ( )1 . The R-W metric which is considered with a 
biggest symmetry is 
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In light of the current understanding, constant κ  in (1) represents spatial curvature factor. That is to say, 
the R-W metric has a constant curvature. When space is flat, we have 0=κ  and the metric becomes 
                   ( )2222222222 sin)( ϕθθ drdrrdtRdtcds ++−=                     （2） 
In light of the current understanding, because the part of three dimension space in (2) is lat, by multiplying a 
scalar factor )(tR  which having nothing to do with space coordinates, the space can still be considered 
flat. However, this is not true. We will prove strictly below that when 0)( ≠tR , the R-W metric has no 
constant spatial curvature. The special curvature is relative to )(tR , thought it still has nothing to do with 
spatial coordinates. 
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    In order to see this clearly, let’s first repeat the deducing process of the R-W metric. As we know in 
geology that the curved space of low dimension can be embedded into the flat space of high dimension. The 
three dimension space with a constant curvature κ  can be considered as a super-curved surface to embed 
into the four dimension flat space. The four dimension metric of flat space-time can be written as 
                                 ( )242 dxdxdxdxdxds ii +== μμ                         （3） 
The super spherical surface condition of three dimensions in the four dimension space-time is 
                       22223
2
2
2
1
2
4
2
3
2
2
2
1
1 Gtcxxxxxxxxx ==−++=+++=
κμμ
              （4） 
Here G  is the radius of super spherical surface and =κ constant is the curvature of super spherical 
surface. By taking the differential of (4), we have 
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By substituting (5) into (4) and introducing coordinate transformation ϕθ cossinrx =1 , ϕθ sinsinrx =2  
and θcosrx =3 , we obtain the super-curved surface metric of three dimensions with a constant curvature 
κ  in the flat space-time of four dimensions 
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By introducing following coordinate rtRr )(= , when time is fixed with 0tt =  and =)( 0tR constant, (6) 
can be written as  
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In which )( 0
2 tRκκ =′ . In light of the current understanding, when time is not fixed with ≠)(tR constant, 
let κκ →′ , the formula (7) is extended into 
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For the expansive universe with homogeneity and isotropy, it is thought to be possible to introduce united 
time. So in the following coordinate system, the metric of four dimension space-time with a constant 
curvature for its three dimension space is written as 
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This is the standard process to reach the R-W metric. 
It is obvious that the deduction of the W-R metric is not strict to contain some analogy and extending. 
What is verified strictly is only that the metric (6) has a constant curvature κ . When ≠)(tR constant, we 
have not proved that the metrics (8) and (9) also has a constant curvature κ . In fact, when ≠)(tR constant, 
substitute rtRr )(=  into (6), we obtain 
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The metric corresponding to (9) becomes 
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We can not get (8) and (10) from (6). That is to say, when 0)( ≠tR  or ≠)(tR constant, we have not 
proved that the constant κ  is still the spatial curvature factor of the R-W metric! In fact, the metric of flat 
four dimension space-time is  
                          ( )222222222 sin ϕθθ drdrdrdtcds ++−=                  （12） 
By introducing transformation ( ) ( )rtRtr = , we obtain 
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Its form is completely different from the R-W metric (2) when 0=κ . In (13), space-time seems curved, 
but it is flat in essence. In light of the principle of the Riemannian geometry, if we can find a transformation 
to transform a curved space into flat, the original space is flat in essence. If we can not find such a 
transformation, the original space is curved really. Because we can find a transformation to change (13) into 
(12), so the metric (13) is flat actually. Because we can not find a transformation to change (2) into (12) 
when 0)( ≠tR , the spatial part of (2) can not be flat! 
The result above is completely different from the current understanding. Because it would cause great 
influence on cosmology, we should treat it seriously. We will calculate the spatial curvatures of the R-W 
metric based on the formula of the Riemannian geometry strictly and obtain a completely different result in 
next section. In view of the fact that the geometrical figure of supper spherical surface of three dimensions 
is indirect, in order to reach direct understanding, we discuss the spherical surface of two dimensions in 
three dimension’s flat space further in this section. Similar to (3) and (4), the flat metric of three dimension’s 
space and the condition of spherical surface are individually 
                23
2
2
2
1
2 dxdxdxd ++=σ             2332211
1 Gxxxxxx ==++
κ
            （14） 
Here constant κ  is the curvature and G  is the radius of spherical surface of two dimensions. By 
introducing column coordinates to let θsin1 rx = , θcos2 rx =  and zx =3 , (14) becomes 
               22222 θσ drdrdzd ++=                 222 1 Grz ==+
κ
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Here 22
2
1 xxr +=  is the radius of a circle located on the plane in which z  is fixed. According to the 
same procedure, we have 
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(17) is similar to (6). We see that (15) is flat, but (17) becomes curved. The reason is that transformation (16) 
is non-linear. That is to say, non-linear transformations would change spatial curvatures. Similarly, by 
introducing nonlinear transformation rzRr )(=  and let dzzdRzR /)()( =′  in (17), we obtain 
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The curvature of (18) can not be constant κ . Let 
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and substitute (18) in to (19), we obtain 
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(20) is similar to (11). The equations corresponding to (8) and (9) are 
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It is obvious that (20), (21) and (22) can not have constant curvature κ  too. In fact, by introducing 
transformation rzRr )(= , the equation of spherical surface (15) becomes 
                                      
κ
1)( 222 =+ zrzR                            （23） 
Because new invariables are r  and z , the formula is not the equation of spherical surface again. It 
becomes the equation of irregular curved surface without constant curvature. When == 0zz constant, in 
light of (23), we have 
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Only under this condition, constant K  represent the curvature of a circle with radius r  in a plane. 
Similarly, by considering rtRr )(= , the equation (4) of supper spherical surface becomes 
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Because (25) is not the equation of supper spherical surface of three dimension for new variables r  and t , 
it has no constant curvature κ  too. Only when == 0tt constant, we have 
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Constant K  represents the curvature of supper spherical surface with a radius r .  
 
2 The spatial curvature of the R-W metric 
 
Now let’s calculate the curvatures of (21), (22) and the R-W metric (9) strictly under condition 
≠)(tR constant. As we known that curvature has strict definition in mathematics. We should judge flatness 
of space by strict calculation, not only by apparent estimation. In the Riemannian geometry, the Riemannian 
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The Riemannian curvature K  is relative to the selection of direction vectors αp  and βq  at each point 
of space. We define covariant tensor λρ
λ
αβσαβσρ gRR =  in which 
ρ
αβσR  and αβσρR  can be calculate by 
following formulas 
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It is proved that if the curvatures are the same at all spatial points, i.e., =K constant, we would have  
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Further, if space is flat, the Riemannian-Christoffel tensors would becomes zero everywhere with 
0=
ρ
αβσR  or 0=αβσρR .  
Let’s first calculate the curvature tensor of the metric (21). The non-zero metric tensors of (21) are 
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The non-zero Christoffel signs are 
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In light of (29), the only curvature tensor is 
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So according to the definition of (27), the Riemannian curvature of (21) is 
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In fact, let )(2 zRκκ →  in (21), we get (17). Then we calculate the curvature of (22). We consider z  as 
0x , the metric tensors of (22) are 
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The non-zero Christoffel signs are 
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The non-zero curvature tensors are 
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In light of (27), we have 
R
R
gg
RK
′′
−==
1100
0101
01     R
R
gg
RK
′′
−==
2200
0202
02     2
2
2211
1212
12 R
R
gg
RK κ+
′
−==      （39） 
12K  in (39) is different from that in (35). It means that the spatial curvatures of (21) and (22) are different. 
The dimensions of space would change curvature, thought the metric form of two dimension curved surface 
in three dimension space shown in (22) is completely the same as (21). In fact, as we known that the metric 
2222222 sin ϕθθ drdrdrds ++=  is flat with zero curvature, but 222222 sin ϕθθσ drdrd +=  is 
curved with curvature 2/1 r=κ , which is not a constant relative to the radius of sphere. 
    Now we discuss the space-time curvatures of the R-W metric (9), the non-zero curvature tensors can be 
calculated as below 
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The corresponding curvatures are 
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Here iK0  are the curvature of space-time cross part of the R-W metric, and ikK  ( 0, ≠ki ) are the 
curvatures of pure space. In order to reach 00 =iK , we should have 0=R  or =R constant. In this case, 
ikK  are not constant. To let spatial curvature metric 0=ikK , we have both chooses. One is to let 0=R  
and 0=κ  simultaneously. In this case, we also have 00 =iK . Another is to let )(
2 tR ′−=κ  at a 
certain moment tt ′= . In this case, we have 0=ikK  but still have 00 ≠iK . Only in theses two cases, 
the spatial part of the R-W metric can be considered flat. If only take 0=κ , we have 
0/ 22 ≠−= RRKik  , the spatial part of the R-W metric can not be flat. The result is completely different 
from the current understanding which is based on specious estimation, in stead of strict calculation. Only 
when 0)( =tR  or =R constant, we obtain the result of current theory with 2/RKik κ−= . 
Now let’s estimate the magnitude of the curvatures of the R-W metric. By taking 0=κ  in (41), we 
obtain 
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We define )()(/)( tHtRtR = . At present moment 0t  we have the Hubble constant 1180 102~ −−× sH . 
So we have 361 104~
−×−iK . From the equation of cosmology, we have 3/)(4~)(/)( 000 tGtRtR ρπ  
1362
0 1022/~
−−×= sH , so we have 360 102~
−×−iK . Therefore, in light of the R-W metric with 0=κ , 
even though the space of the expansive universe is curved, the curvature is also very small with a magnitude 
3610− . 
Then, how can we recognize the spatial curvature of (2)? In the Riemannian geometry, the intuitionistic 
picture is that when a vector moves along a loop and returns to original point, if the moving vector can 
superpose with original vector, the space would be considered flat. If it can not, the space would be curved. 
So, it means that when a vector moves along a loop and returns to the original point ),,( ϕθr , it can not 
superpose with original vector in light of (2) during a period of time.  
The result of WMAP showed that the space of our universe seems flat ( )3 . So in light of (41), the 
difference between constant κ  and the value of )( 0
2 tR  at present moment can not be too great. If we 
think that constant κ  with the same magnitude of )( 0
2 tR , the spatial curvature of the R-W metric would 
be about 3610− . The precision of WMAP is about 310− , so the experiment can not find such small spatial 
curvature. On the other hand, the observations of WMAP are carried out through measuring the isotropy of 
cosmic microwave background radiations, which were found having nothing to do with angles θ  and ϕ . 
But if space curvature is only relative to time, having nothing to do with spatial coordinate r  θ  and ϕ , 
WMAP may be unable to find the curvature shown in (41). 
On the other hand, in order to make the spatial part of the R-W metric keeps positive, or to make the 
distance to be a positive number, we should have 
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So we must have 01 2 >− rκ , i.e., we must have 0<κ  or 2/10 r<< κ . Because r  may be a very big 
number, for example, the radius of the observable universe with 2610~r m, we would have 5210−<κ . 
That is to say, κ  should be a very small positive number. If the universe is infinite, we would have 
0→κ . In the current cosmology, we take 1−=κ ，0 and 1, to represent the universe with negative 
curvature, flatness and positive curvature. However, 1=κ  is impossible. If taking 1=κ , we can only 
take 1<r  to ensure (43) meaningful. In the region 1>r , the R-W metric becomes meaningless in 
practical measurement. Unfortunately, this problem is completely neglected in current cosmology. 
 
3. Constant κ  in the Friedmann equation 
 
In order to see the real meaning of constant κ  in the R-W metric further, we discuss the strict solution 
of the Einstein’s equation of gravity with spherical symmetry and material uniform distribution. The 
solution is the Schwarzschild metric which is divided into two sections, inner solution and external solution. 
For a static and uniform sphere with radius 1r , suppose that material density 0ρ  and intensity of pressure 
0p  are constants. By considering static energy momentum tensor of ideal liquid, the Schwarzschild metric 
of inner sphere is ( )4 ： 
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If we take 1r  as the radius of the visible universe with 
26
1 10~r , (44) can be considered to describe the 
static and uniform universe approximately. If take 00 =ρ , (44) becomes the metric of flat space-time. By 
introducing the Hubble constant 3/8 00 ρπGH =  and let 220 / cH=κ , we can write (44) as 
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Let rr →1 , (45) becomes (1). By using transformation rtRr )(= , (45) becomes  
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Here ≠′ 222 /)()(~)( ctRtHtκ constant. So we can consider 2200
2
0 /)(/)( cHtRt =′→ κκ  as the real 
physical significance of constant κ  in the R-W metric. 
The different understanding of constant κ  in the R-W metric would cause great influence in 
cosmology. By considering cosmic constant λ , the Friedmann equation of cosmology is written as 
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If constant 0≠κ , it would cause great influence on the values on the Hubble constant, dark material and 
dark energy. If taking )( 0
2 tR−=κ  at present time, we would have 3/)(8 0tGρπλ = . In light of (41), the 
space is flat in this case. The cosmic constant is equal to material density. By defining the Hubble constant 
)(/)( tRtRH = , we can write the Friedmann equation as 
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Here )8/(3)()( Gtte πλρρ −=  is called as the effective density of the universal material. Let 
00 )( ρρ =te , 00 )( HtH = , 1)( 00 == RtR  and define critical density )8/(3 20 GHc πρ = , (48) becomes 
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The formula is used to estimate the material density of the universe. If κ  represents space curvature factor, 
we have 0=κ  for the flat universe so that current material density is equal to critical density. By defining 
cρρ /=Ω , we would have 1/00 == cρρΩ  for the current universe. However, observations show that 
we only have 04.00 =Ω  for normal material, which is greatly less than 1, so that non-baryon dark 
material and dark energy are needed to fill the universe. If constant 0≠κ , we can chose proper κ  to 
satisfy (47) and (49). At present, the Hubble constant is considered to be 110 65
−−
⋅⋅= MpcsKmH , so we 
have 327 /109.7 mkgc
−×=ρ . By the practical measurements, we have 3280 102 m/kg−×≈ρ  for 
laminate material ( )5 . Suppose that practical density of baryon material in the universe is about 10 times 
more than laminate material, we can take 36103.3 −×=κ  to satisfy (47). In this way, it becomes 
unnecessary for us to suppose that the non-baryon material is about 6 times more than baryon material in the 
universe if they exist really. As for the hypothesis of dark energy, it would becomes surplus. Theory and 
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observations can be consistent by adjusting the value of constant κ  without the hypotheses of dark energy. 
On the other hand, if κ  does not represent spatial curvature, in light of the Friedmann equation, we have 
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In this case, the Hubble constant is not only relative to material density, but also relative to scalar factor. As 
mentioned before, we should have 0<κ . For the current moment, we have 10 =R , so we obtain 
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8
3
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ρπ
κ
ρπκρπ GG
R
GH >−=−=                   (51) 
In fact, as we know that the Hubble constant is a quite complex quantity, not a pure constant actually. It is 
obvious that many problems in cosmology are relative to the real meaning of constant κ . If κ  is not a 
curvature factor and can be considered as an adjustable parameter, many conclusions in the current 
cosmology should be re-estimated. 
 
4. Discussion 
 
It is proved that constant κ  in the R-W metric can not represent space curvature factor when scalar 
factor R(t) is relative to time. The real spatial curvature of the R-W metric is 22 /)( RRK κ+−=   based on 
the strict calculation of the Riemannian geometry. Therefore, if the Friedmann equation is used to describe 
the expensive universe, we can only consider κ  as an adjustable and non-zero parameter which is relative 
to the Hubble constant. The result would cause great influence on cosmology. We need to re-estimate the 
values of the Hubble constant, dark material and dark energy densities. According to the current estimation, 
for the universal material, normal baryon material only makes up %4 , non-baryon dark material makes up 
%26  and dark energy makes up %70 . However, no non-baryon dark material with so much quantity can 
be founded up to now though physicists have struggled for decades. The situation is more puzzling for dark 
energy.  
In fact, the concept of dark energy is similar to the concept of ether in the nineteen century. Based on 
the Newtonian theory, classical physics could not explain the light’s propagation in the universal vacuum. 
The medium of ether had to be introduced. One of purposes that Einstein put forward special relativity was 
to drive out ether from physics. Time goes into the twenty-one century, the history is repeating. Physicists 
can not explain the high red-shift of supernovae, the concept of dark energy has to be introduced. By the 
correct understanding of constant κ  in the Friedmann equation, we do not need the concept of dark energy 
again. Meanwhile, we may not need to suppose that non-baryon dark material is 6 times more than normal 
baryon material, if non-baryon dark material exists actually. In this way, we may get rid of the current 
puzzle situation of cosmology thoroughly. 
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